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Let [g, b]<R and let {L}, v be a sequence of positive linear operators from
C"*Y([a, b]) to C([a, b]), n20. The convergence of L, to the unit operator I is
closely related to the weak convergence of a sequence of positive finite measures yu;
to the unit measure 8,, t€ [a, b]. Very general estimates with rates are given for the
error ]f[a,,,]fduj—-f(t)L where fe C"*!([a, b]), in the presence of an extended
complete Tchebycheff system. These lead to sharp or nearly sharp inequalities of
Shisha-Mond type and are connected to the theory of best L, approximations by
generalized polynomials.  © 1989 Academic Press, Inc.

1. INTRODUCTION

The following introductory notions come from [8], which will be of
constant aid throughout this article.

Let the functions f, uy,u,,..,u,e C"*'([a, b]), n=0, consider the
Wronskians

up(x) uy(x) - ufx)
W) = WLto(x), w0y (5), o )] = | 1O 40 el
W0 ul)
i=0,1,..,n

and assume that all W(x) are positive throughout {a, b].
We form the functions

w
bo(x) = Wolx) =to(x), () =ﬁ
_ Wilx) W;_,(x) .
Pi(x)= (-W—,-, ) i=2,3,..,n,
positive on [a, b].
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Consider the linear differential operator of order i > 1,

L,-f(x)zW[uO(X)’ ul(;/)’ '--’(;‘;-I(X)af(x)]’ i=1,2, ’n+1’ (1)
i—1

also set Ly f(x)=f(x). Here W{ug(x), u;(x), .., u;_(x), f(x)] denotes the
Wronskian of uy, u, ..., #;_,, - Note that for i=1, .., n+1 we have

d 1 d 1 d

L f(x)=o(x) ¢1(x)--- ¢, _ l(x)'d;(ﬁ, () E¢~,2(X) E

L4 1 dflv)
dx ¢,(x) dx ¢o(x)’
Consider also the functions
uo(?) u(t) - ufn)
up(?) ui(r) - uiy)
gilx, 1)= | , (2)
P g0 o o
Uo(x) u(x) - ufx)
i=1,2,..,n; go(x,t)=uuL();)), all x,tefa b].
0

Note that g;(x,¢), as a function of x, is a linear combination of
uy(x), uy(x), ..., u(x) and furthermore

o(x) *

gi(x, t)=m f{x¢1(x1) f{ "'J.[Xl_z¢i~1(xp1)

X _[XH dx;)dx;dx;_y---dx,

1 x
o | ) e 9 ds el =12

Our work is mainly motivated by the following result (see [4, p. 376])

THEOREM. Let uq, uy, .., u,€ C*([a,b]), n=0. Then {u;}}_, is an
extended complete Tchebysheff (E.C.T.) system on [a, b] iff W{x) are
positive everywhere on [a, b], i=0,1, ., n.

Let
Nox =] gilx 5) ds

i
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and
En )= f(x)= 3 Lif()- g% )= Ly f)- Ny 1) (3)
i=0

for all x,te[a,b], n=0.

Let L be a positive linear operator from C"*!([q, b]) into C([a, b]),
n=0. It follows from the Riesz representation theorem that for every
te[a, b] there is a finite measure y, such that

L(f,t)=f f(x)pldx), all feC"*([a b]).

[a.5]

The convergence of positive linear operators to the unit operator was
first studied by P. P. Korovkin in 1953 (see [5]). O.Shisha and
B. Mond [7] were the first to present Korovkin’s main result through an
inequality giving this convergence with rates. Many others later engaged in
that study (see especially [3, 6]) which also motivated our work.

Sharp general inequalities of this kind appeared for the first time in 1985
(see [1]), and the method of proof is probabilistic; there among others we
find the special case of u,(x)=x', i=0,1,..,n Therefore, it is still of
interest to find strong upper bounds to

L0 —fl=|[  f00) a0 =10

in various important cases.
In this paper we find upper bounds to

[ Bt 0y [ o w00
[a.b] [a,b]

b

where u is a positive finite measure on [a, b] and ¢ is a fixed point in
[a, b]. These bounds lead to sharp or nearly sharp inequalities, in the
natural, very general “environment” of an extended complete Tchebycheff
system, for various standard cases (see Theorems 1,2, 3). Here the
convergence rates are given by the first modulus of continuity
(L, /s h), 0<h<b—a Thus inequalities (6), (7) of Theorem 1 can be
attained, i.e., they are sharp. This is seen in Theorem 1'. Furthermore,
Corollaries 1 and 2 connect our results to the theory of best L, approximation
by generalized polynomials with rates, given by strong inequalities.
Equivalently, our results estimate in the very general E.C.T. setting the rate
of weak convergence of a sequence of positive finite measures to the unit
measure at a fixed point. At the end we give concrete examples of systems
of functions {u,}7_, satisfying the assumptions of the theorems. To the best
of our knowledge this type of general theorem appears for the first time in
the literature.
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2. MaIN RESULTS

In the following theorem we will get sharp inequalities for a particular
choice of the functions u, and u,.

THEOREM 1. Let u be a positive finite measure of mass m on [a, b] <R
and t a fixed point in (a, b), such that

j Ix — 1| u(dx)=d>0. (4)
[a,b]

Let the functions f(x), ug(x), uy(x), ..., u,(x) belong to C"**([a, b]), n=0,
and let the Wronskians Wy(x), W (x), .., W,(x) be positive throughout
[a, b].

Assume that ug(x)=c >0 and u,(x) is a concave function for x<t and a
convex function for x = t. Define

f g.(x, ) Ps; t|—‘ ds

where 0<h<b—a is given and [ -7] is the ceiling of the number; n>0.
Assume that the first modulus of continuity w (L, f, h)<w, where w>0
is given.

Consider the error function

Gn(x, )= R x,te[a,b], (5)

E,(x,1)=f(x)— Z Lif(t)-gdx, ) =L, 1 f(1)- Ny(x, 1).

Then we have the upper bounds

G,(b,1) G,a1)
jw] |E, (%, 1)| p(dx) < w - max {ﬁ —t—:—a—} d (6)
and
[ fau=1)
[a,b]
<lm=1]1f(8) |+Z|Lf ‘ gi(x, t) pldx)
FILae S| N0 e
+ w - max {M,—C—;—M}-d; n=0. (7
b—1t t—a
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Sharpness of inequalities (6) and (7) is proved in
THEOREM 1’. Let c(t)=max(t —a, b—t), where te (a, b) is fixed and let

O<h<b—a. For
o(1)
=0,1,.. | 221
k=01, [ h]

and N > 1 define the continuous function f, as follows:

N
M+kw(l—g), z'fkh<y<<k+—]\—7>h;

2h
Siyy=q (k+Dw, if <k+—]2\—[>h<y<(k+1)h; (8)
c(t) . ([c() 2
[0, ¢ ([ 1 2)h<ren
Observe that
i fN(y)=H]w, 0<y<el(r)

Define

GnN(x,t)=“xgn(x,5)fN(IS~tl)ds, all  x,tela,b], n>20, N>1

9)

Then (as N > +0o0) inequalities (6) and (7) of Theorem 1 are attained, i.e.,
they are sharp.
Namely:

(1) Assume that

G, (b, I G,la 1)
b—1t t—a

and d<m(b—1).

The optimal elements are the function

GnN(-x’ t), tsxsba
0, a<x<t,

1=

with w,(L, 1 f, h) <w, and yu which is the positive measure of mass m with
masses [m— (d/b—t)] and (d/b—t) at t and b, respectively.
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(ii) Assume that

G, (b, t)<(7,,(a, 1)
b—t = t—a

and d<m(t—a).

The optimal elements are the function

0, t<x<b,
f(X)_{GnN(X, 1), a<xs<i,

with (L, , , f, h) <w, and u which is the positive measure of mass m with
masses [m—(d/t—a)] and (d/t —a) at t and a, respectively.

The next result relates to best L;-approximation by generalized polyno-
mials.
COROLLARY 1. Inequality (6) of Theorem 1 implies

f(x)= X cigdx, )=, 1 Nol(x, 1) |- l(dx)

i=0

min J
N R L

Gn(b, t) Gn(a’ t)} d n>0 (10)

<w- =,
w - max { b—1 " 1—a

Remark 1. Given that d= [, ,;|x — | u(dx) < co, where p is a positive
nonfinite measure on [a, b], inequality (6) of Theorem 1 and inequality
(10) are still valid.

In general we get

THEOREM 2. Let p be a positive finite measure of mass m on [a,b]c R
and t a fixed point in [a, b], such that

1/(n+2)
(j Ix—tl"“u(dX)) =h, (11)
[a.6]

where 0 <h<b—a is given, n20.

Let the functions f(x), ug(x), u,(x), ...., u,(x) belong to C"*'([a, b]) and
let the Wronskians Wo(x), Wi(x), .., W,(x) be positive throughout [a, b].
Assume that the first modulus of continuity w,(L, . f, h)<w, where w>0
is given.

Consider the error function

Eyx )= ()= 3 Lif(1)- g% 1) = Ly 1 f(1)- Ny, 1)

i=0
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Then we have the upper bounds

[ 1Bk 0] )
[a.b]

(n+1/n+2)
e ) ([Nl ) 12)

[a.b]

and

[ fau-s0
[a.5]

<UO1|f et ute) - 1]

+ 3L

[ e 1 piax)
[a.b]

+ L, S

[ N 1) )
[a.b]

+w-(m"+ 4+ 1)
(r+1/n+2)
([, oz wa) L aze a3)

A more general connection to best L, approximation by generalized
polynomials is as follows:

COROLLARY 2. [Inequality (12) of Theorem 2 implies

n

f(x)_ Z C,-g,-(x, t)_cn+1Nn(xa t)

i=0

- pldx)

min f
SR gy T leb]

<w-(m1/t"+2>+1)-<j

[a,

(n+1/n+2)
IN,(x, t)l"'”/”*”-#(dX)) , n>0.
b]
(14)

The next theorem improves Theorem 2 under a Lipschitz condition.

THEOREM 3. Let pu be a positive finite measure of mass m on [a, b] <R
and t a fixed point in [a, b], such that

1/(n+2)
(f, ez u@n) = (15)

where O <h< b—a is given, n20.
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Let the functions f(x), ug(x), uy(x), ..., u,(x) belong to C"*'({a, b]) and
let the Wronskians Wy(x), W,(x), .., W, (x) be positive throughout [a, b].
Assume that the first modulus of continuity w (L, [, 6)< Ad*, all
0<d<g<b—a, A>0,0<a<1.

Consider the error function

Lif(t) - gi(xa I)_Ln+1f(t) 'N,,()C, t)'

0

En(x’ l)=f(X)—

i

1=

i

Then we find the upper bounds (n=0)
[ 1E(x 0l )
fab]

(n+1/n+2)
(4 J [N, )| 250 p(dx) ,
[a.b]

m<1;
<<
A-h“~m“°‘/"+2)-<'[

\ m=1,

(4 1n+2)
5] IN(x, ’)|(n+2/n+l)'#(dx)> ’
[a.

(16)

Remark 2. We see that when w(L,,,f, §)< A0 inequality (16)
improves the corresponding results from inequalities (12) and (13) of
Theorem 2.

3. EXAMPLES

(1) The system of functions u;(x)=x’, i=0,1,..n, defined on
[a, b], satisfies the assumptions of Theorems 1, 2.
In particular L, f()=f9t), gi(x,t)=(x—1t)/i!, te[a,b] (see [8,
p. 133]).
(2) According to [8, p.135] consider ¢,(x)=1, ¢;(x)=-cosh ix,
i=1,..,ndefined on [a,b], t=0¢(q, b).
Note that ¢,(0)=1, i=0, 1, .., 1, go(x,s)=1 and

gl 0= #(5) 4.(5) g (ms) s, i=1iem

In particular g,(x, 0) =sinh x. Thus the system of functions u;(x)= g«(x,0),
i=0, 1, .., n satisfies the assumptions of Theorems 1, 2.



RATE OF CONVERGENCE 133

Indeed, u,(x)=1, u,(x)=sinh x, and clearly u,(x) is a concave function
for x<0, and a convex function for x > 0.

(3) The system of functions
{u(x)}r_o= {1, (—=1) " 'sinix, (—1)" cos ix }{¥3

defined on [a,b], t=0€e(q,b), n even, satisfies the assumptions of
Theorem 2.
In particular (see [8, p. 151(11)])
2! ;
gZi(x’ 0)=m [1 —COs X] s
0)= 2 1 ‘si
82i41(x, 0)= i [1—cos x]'sin x

and
Ly, =D(D*+ 1’)D*+2%)---(D*+i?),
Ly 2f(0)=DD*+ 1°)(D* +2%)---(D* +17) £(0),

where D indicates the operation of differentiation.
(4) Let go(x)=1, g(x)=e°D* i=1, .. n be defined on [a, b], with

p(i)#0, e.g., o(i)=1i, o(i)= —i"".
Then (see [8, p- 135]) we have

1 x .
gilx = [ 9l) i) gm0 b, i,

golx, t)=1,  te[ab].

From the same reference we get that the system of functions
u(x)=g:(x, 1), i=0,1, .., n satisfies the assumption of Theorem 2.

4. AUXILIARY RESULTS
The next results are of independent interest.

LemMA 1. Let g be a differentiable real-valued function on [a, b]? = R?
with g(x, x)=0 for all xe [a, b], and let ¢ be a bounded measurable real-
valued function on [a, b].

Define

G(x, z)=jxg(x,s)q;(s)ds, all x,tela bl
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Then

0G(x, 1) _ f‘ og(x, s)

Ox . 0x P(s) ds.

Proof. Easy. 1

As a consequence we get

LEMMA 2. Let

G5, 1)=| " g.(x5) Ps;—’l] ds, all x te[ab],
where 0 <h<b—a and [ -7 is the ceiling of the number.
Then
0G.(x, 1) _ *0galx, 8)[|s—1|
= =1,
. j = —|ds,  n>1 (17)
and

’Glx, 1) J 0%g.(x, 5) [Is— d
6x2 B 1 8x2 h

]a’s, n>2 (18)

Proof. See [8, p. 132(6)] and apply Lemma 1 once/twice. ||

The last result is used in

LEMMA 3. Assume that ug(x)=c>0 and u,(x) is a convex function for
x=t Let

X __t
G.x, t)= L g.(x, 5) [%_'] ds, all x,te[a, b], where O<h<b—a,n=0.

Then G,(x, t}>0 for x>1,, G, (t, t)=0, and, as a function of x, G,(x, t) is
strictly increasing in x 2t and continuous in [a, b].

Moreover, G ,(x, t} is a strictly convex function in x = t, n 2 1, and Gy(x, t)
is a convex function in x> 1.

Proof. From Wy(x)=¢y(x)=uyx)=c>0and W (x)= W uy(x), u,(x)]
=cui(x)>0, u,(x) is a strictly increasing function everywhere on [a, b].
Hence ¢,(x) = W,(x)/(Wo(x))* = u(x)/c > 0.

By assumption u,(x) is a convex function in x = ¢ implying that u}(x) is
an increasing function there; that is, ¢,(x) is increasing in x > ¢.
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Recall that

s =g [ ) o [ )

X J‘xnj ¢n(xn) dxn dxn-l o 'dxl

and g,(x,1)>0, (x>1), g.(t,1)=0; n=1, with gy(x, t)= 1.
Consequently

08alx, 1)
x ¢ (t

From ¢,(x)>0,i=1,..,n n2>2, and ¢,(x) being an increasing function we
have that dg,(x, t)/éx is a strictly increasing function in x > ¢; note that

(Z)J ¢2(x1) J‘IXLZW(X”")dx”*’ ...dxl‘

0g.4(x, t) 0ga(t, 1)
ox 0 (x>1), 0x

=0
Thus g,(x, t) is a strictly convex function in x = ¢, n>2 and clearly g,(x, ¢)
is convex in x>t One can easily prove that G,(x, t) is a continuous
function in xe [a, ], n=0.

From Lemma 2

G, (x,1) r g (x,8)[s—1t
ax' ) ox h

—'ds (x=t,nz2), i=1,2

It is clear that G,(x, t) is a strictly increasing function in x> ¢, n>2.
By strict convexity of g,(x, s) in x>s we get d%g,(x, s)/0x*>0 (x> s),
which leads to

%G (x, 1) 3’G(t, t)

23>0 (x> 1), =0,

Hence G,(x, ¢) is a strictly convex function in x> ¢, n> 2.
Since go(x, ) =1, all x, re[a, b], one has

Golx, 1) = j[ ]ds (x>1).

Since Gy(x, t) is the integral of an increasing function, it is a convex
function in x >1t; it is also strictly increasing in x > ¢. Note that

g,(x, )= \(1) j b.(s) ds.
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From 0g,(x, 1}/0x =¢,(x)/$,(¢) and since ¢, is an increasing function, we
have that 0g,(x, t)/0x is increasing in x = ¢. Obviously, dg,(x, t)/6x > 0 for
all xe[a, b].

Let s be such that r<s<x, <x,. Then

0g (X3, $) (S— f] >agl(x1’ 5) [5— t"

ox h 0x h
Adding
*0gy(x,,5)[s—1 *10g(x,,s)[s—1t
L 0x h —|dS>J‘1 0x [_h—_} ds
and
<2 0gy(xy, 8)[s—1]
Ll = — | ds>0,
one has

2 0g(x,,8)[s—1t 1 0g(x,,s)[s~—t
J‘l 6x /’l dS>J.’ 6)( ‘7 h —‘ds

The last inequality and Lemma 2(17) imply that 8G(x, 1)/dx is strictly
increasing in x =1, which in turn implies that G,(x, ¢) is a strictly convex
function in x> 1.

Since

Gyt 1)

=0
0x

M>O (X>[),
ox

we conclude that G (x, t) is a strictly increasing function in x=r. ||

The counterpart of Lemma 3 is as follows:

LEMMA 4. Assume that us(x)=c>0 and u,(x) is a concave function for
x<t. When x<t, x,1€[a, b], and we have

x t—
G,(x, t)=-[: gn(x,s)[Ts—] ds, where 0<h<b—a, nz0.

If n is odd, then, as a function of x, G,(x, t) is a strictly decreasing and
a strictly convex function in x <t; moreover, G, (x,1)>0 for x<t. If n is
even, then G,(x, t) is a strictly increasing and a strictly concave function in
x < t. Furthermore, Gy(x, t) is a strictly increasing and a concave function in
x<t Also G, (x,1)<0 (x<1t) for n zero or even, and G,(t,t)=0 for all
nz0.
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Proof. By assumption u,(x) is a concave function in x < ¢ implying that
uy(x) is a decreasing function there; ¢,(x) is decreasing in x <¢, We see
that for n>1

ag"a(;c’ t)— 1t x;n( J ¢2 xl)J‘ an ’ nll)dxnil...dxl

yro $1(x) B(x, t)
$i(t)---9,(2)

=(=1
where

B )= gl [ [ duxadx, i dn>0 (<,

Xn-2
B(t,1)=
Since B(x, t) is a strictly decreasing function in x <t, we get that also

#.(x) - B(x, t) is strictly decreasing in x <.
When n>1 is odd

0g.(x, 1) 0g,(t, t)

0(x<t =
ox 0 be<h) ox 0
and it is a strictly decreasing function in x <r. When # is even
og,(x, t Og.(t, t
850 o iep  BaLD_g
ox ox

and it is a strictly increasing function in x < 1.

We have proved that for n odd, g,(x,1)<0 (x<1t), g,(t,t)=0, and
gn(x, t) is strictly concave in x <t for n>1; clearly g,(x, ¢) is concave in
x <t Also for neven g,(x,t)>0 (x<1t), g,(t,1)=0, and g,(x, ?) is strictly
convex in x < 1.

From Lemma 2,

8G(X,t) f agn(x S)[ p ‘Ids (xSt,HZZ), [:1,2

It is clear that if n>2 is odd, then G,(x, t) is strictly decreasing and
strictly convex in x < ¢, and if n is even, then G, (x, t) is strictly increasing
and strictly concave in x < t. Note that for n > 1 odd, G,(x, ) >0 and for
n zero or even, G,(x, t) <0, where x <t; moreover, G,(t,t)=0 all n20.

One can easily see that, as a function of x,

oacn-{ 5o

is a concave and a strictly increasing function in x < 1.
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From 0g,(x, t)/0x=¢,(x)/¢,(t) and ¢, a decreasing function, we have
that dg,(x, £)/0x is decreasing in x <t Obviously dg(x, t)/0x >0 for all
x€[a, b].

Let s be such that x;, <x,<s<t Then

g (x,, s) l’t—s] >6g1(x2, s) [z—s]

Ox h Ox h
Adding
! agl(xl’s) t—s 4 agl(xZ’ S) t—s
Lz ox { 7 ]ds?sz ox [ p 1‘”
and
*0g,(xy,s)[t—s
Ll - 2 |d@s>0
one has
! agl(xl’s) 1—s ! agl(XZ’ S)l]—f‘
f ox h ds>Lz ox |
or

1 0g(xy, s)[t—s % 0g(X;, 5) t“‘s—l
L ox h dKL ox [h ds

The last inequality and Lemma 2(17) imply that 0G,(x, t)/0x is strictly
increasing in x < ¢, which means that G,(x, ¢} is a strictly convex function
in x <t Since

0G(x, 1) oG (¢, t)_o

pm <0 (x <), x

we conclude that G,(x, t) is a strictly decreasing function in x <t ||

From Lemmas 3 and 4 we obtain

LEMMA 5. Assume that uy(x)=c>0 and u,(x) is a concave function for
x <t and a convex function for x = 1.
Let G (x, t)= |G (x, t)|, where
ls—1]

G, (x, t)=Jx g,,(x,s)lr—h—‘lds, all x,te[a,b],0<h<b—a,nz0.
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Then for n =1, and as a function of x, G,(x, t) is strictly decreasing in x <t
and strictly increasing in x = t; moreover, it is continuous and strictly convex
function in xe[a, b}

Go(x, t) possesses all the above properties, with the exception that it is
merely a convex function in x€ [a, b]. In particular, G ,(x, 1)>0 for x #1,
with G,(1, 1)=0, all n > 0.

Lemma 5 implies the next lemma, which is used in the prdof of
Theorem 1.

LEMMA 6. Under the assumptions of Lemma5, for fixed te(a, b), we
have that

- Gbt G
G.(x. 1) <max {—-(——) —“’—’)} Jx—1, (19)
b—t t—a

all xe[a, b}, foralln>=1.

Equality can be true only at x=1t and at x=a or b.

The above inequality is also true for n =0, but equality can hold elsewhere,
not only at the points t, a, or b.

Proof. When 1< x < b by strict convexity of G,(x, t), n> 1, we get

-~

G,(x, t)<Gn(b, 1)
x—t b—t

(G.(t, 1)=0).

Thus

G, (x, 1)< <G—"(—b’—t)> -(x —t) < max {é(b—’t—), 9(&2} (x—1).

b—t b—1t t—a
An when a < x < 1, again by strict convexity of G,(x, 1) we get

Gn(a5 t)< Gn(xy t)

a—t xX—1
Thus
Gn(x’ [)<<M> .(t_x)smax {M’ %,—t_)}(t—x) l
t—a b—t’ t—a

The next result is used in the proof of Theorem 3.

640/59/2-2
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LEMMA 7. Let u be a positive finite measure of mass m<1on [a,b]<R
and t a fixed point in [a, b]. Then

1/r
(j Ix—tl’u(dX)>
[a,b]

is an increasing function in r >0,

Proof. Similar to the proof of the related result in [2, p. 155(c)] 1

5. PrROOFs OF MAIN RESULTS

Proof of Theorem 1. From [8, p. 138, Theorem I1] we have

=0+ % Lf(0) -850+ [ 855 Lys 1S s,

all xe[a, b], fixed te(a, b), n>0. And from (3) we see that

n

SR)=f(0)+ X Lif(0) - gilx, 1)+ Loy 1 f(1) - Nox, 1)

[ g0 9) (L SO = Ly S10) .
Thus

E(x =] 268 (Lucrf(6)=Lyv i f0)ds, n>0

Since w,(L,, 1 f, h)<w (from [1, p. 251]), Corollary 2.2 we have

s —1]

|Ln+1f(s)—L,.+1f(t>|<w-[T].

In the proofs of Lemmas 3, 4 we find
g.(x, 1)>0, x>t nx=1,
g.(x, 1) <0, x<t; n odd,
g.x,1)>0, x<t; neven,

gn(ta t)=07 nzl and g()(x, t)=1
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Let x <t and n even. Then

|EA(x, 1) =

j 20(% ) (Ly s f(5) = Ly 1 (1)) -ds

<[ 5 5) 1Lus s S8) = Ly S0 s

Sw-J" g,,(x,s)-[lS;t‘—'-ds

[ {55 of

=W -

That is,
|E,,(X, t)l <W- Gn(xs t)

for x <t and n even.
Let x <t and n odd. Then

|Eq(x, 1)| =

[ (—8alt ) (L1 £15) = Ly 1 (1)) s

X

<[ (86 0 LLu 1 £8) = Ly S0 -

<w~r(—g,,(x,s))-PS;t|‘|-ds

J et | B

=w-G,(x, 1)

=w.

That is,
lEn(x’ t)l <w- Gn(xa Z)

for x<t and n odd.
The last inequality is also true for x > ¢, all n > 1, and for n =0. Thus we
have established that

|E,,(X, t)| W 'Gn(x9 t)’

all xe[a, b], n=0.
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Using inequality (19) from Lemma 6 we obtain

|E,(x, t}] <w -max {%—t—), g"—(g’—Q}-lx—tl, (20)
b—1 t—a

all xe[a, b], fixed te(a,b), n=0.
An integration of inequality (20) with respect to p produces inequality

(6).
Inequality (7) is established from

+|m =111 f(2)]

[, fan=r0|<|f | w—rm)-ua

and
(J)=S(0)= T L) g5 )+ Ly f)- Ny, 1)+ (. 0).

Proof of Theorem 1'. Since

. fs —t|
i (e,05,9) fulls— 1) = 51| B e
N> + o
by the bounded convergence theorem we get

lim jf g% 8) fiulls — 1) ds = jf 2%, 5) ['—S—;—"] w ds.

Thus
X X ,_l

i |[ gutx5) s =t as| =t 1| B ]

N> + o0 t 1 h
ie.,

lim G,u(x, 1)=wG,(x, t).
N— + o
Setting

Gan(, )= [ a(x,) fulls—tl) ds

we have for n odd that

GnN(x’ t)=GnN(x’ I)>07 x#’,
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and for n zero or even that

—G.n(x,1)>0, a<x<t,
G.n(x, 1)>0, t<x<b.

GnN(x’ t)={

In particular G, (1, 1) =G, y(1, 1)=0, all n 0.
Let n> 1. From [8, p. 132(6)] we have

0'gu(1, t)_{o, i=0,1,.,n—1
x|, i=n.

Applying Leibnitz’s formula repeatedly, we find that

0 xo'g.(x, s )
a_fo"”(x’ t)=fr —ia(x—,-—)f,v(ls—tl)ds, i=0,1,..,n,
and
an+1 xan+1 ,,(X,S
s Guntos = [ T2 5 — ) s+ fullx— o),
all xe[a,b]
Hence

ai
— G,n(1,1)=0, i=0,1,..,n+1
Ox

And one can easily see that

0
— G (1, t)=0, i=0,1,.,n+1.
Ox

Since L; is a linear differential operator of order i, i=1,..,n+1,
L, f(t)=f(1) (see (1)), we get L,G,n(1,1)=0,i=0,1,..,n+1, n>0.
From [8, p. 132] we have

L, G.n(x, t)=fy{lx—1]), all xefa b], n=0.
Hence for #n odd we find that
Ly1Gun(x t)=fu(lx—1]),  all xela b].
And for n zero or even we find that

—fn(t—x), a<x<t;

L .G o(x, )=
n+1 nN(x ) N(x—t), t$x<b.
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Now consider case (i) of our theorem with f and u as described in the
statements theoreof. Note that

fulx—1), t<x<b;
0, as<x<t.

Lo f0)={

Hence one can easily see that

oL, 1 fR)Sw

and L, f(1)=0,i=0,1,.,n+ L

Consequently the left-hand sides of inequalities (6) and (7) equal
(G, n(b, t)/b—t)d which, as N > +o0, converges to w(G, (b, t)/b—t)d, ie.,
to the right-hand side of these inequalities.

Finally consider case (ii) of our theorem with f and u as described in the
statement thereof. Note that

Lyorf(x)= {0

1)yt —x), agx<t
Again one can easily see that
oL, 1 f,R)SW
and
L f(t)=0, i=0,1,..,n+1L
Consequently the left-hand sides of inequalities (6) and (7) equal

(G, n(a, t)/t —a)d which, as N — +c0, converges to w(G ,(a, 1)/t —a)d, i.c.,
to the right-hand side of these inequalities. 1l

Proof of Theorem 2. From [8, p. 138, Theorem I1] we have
)= Z L& 0+ g5 Lys i f(5)-ds

all x,tela,b],n=0.
And from (3) we see that

Jx)y= Z Lif(t) - gdx, )+ L, 1 f{1) - N, 1)

+ ] 8008 (L S (6) = Ly s /(1) - ds
Thus

E(e0)=] 806 5) (Lyy 1 J08) = Lou (1)) ds,  n>0.
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Since w,(L,, f, h) <w (from [1, p. 251, Corollary 2.2]) we have

Lue )= Luasl <[ 251

where [ -] is the ceiling of the number.
Let x <t and »n even. Then

E(6 0] = | [ 005, 8) - (L s 1 f(8) = Ly 1 £(2)) - ds

sj' (~ 2,06 5)) Ly 1 /) = Ly 1 /(0)] -ds

S

{ WX, 8)ds|.

N
T

N

o

That is,
IE,(x, 1) <w- ["‘,%"] AN 1)

for x< t and » even.
Let x <t and n odd. Then

B 0= [ (a5 (L1 )~ Ly S0
<[ (246 ) 1Ly 1 £5) = Lo f0)] -

sw-j'(—gn(x,s))-['s;"]ds

<w "lx—tl“
= h

‘En(x’ t)| <w [

r g.(x,s)ds|.

That is,

|x—1]

] AN(x, 0)

for x<t and n odd.
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The last inequality is also true for x >, all n> 1, and for n=0. We have
thus established that

|x —1|

I, (x, 1) <w-[ ]-|Nn(x, 0, 1)

all x,te[a, b], n=20.
Integrating inequality (21) with respect to u (u([a, b])=m) we get

[ VEx 0l ua)
[4.4]

<w. ['x;"] AN(x, 1) - )
(a.b1 h

<wf (1 N ”‘; ") N,(x, 1) - ()

1
=w -[JM IV, e, D] ud) - |

[a,

1 1/{n42)
$w-[m”‘"+2’+*~(J lx—tl"”u(dX)> ]
h \Jan

(n+1/n+2)
([, 1t o= ga)

Jx— 1] - IN,(x, 1)] -#(dX)]
]

=w-(m1/<"+2’+1)-(j

(n+1/m+2)

Nl )
[a.b]

The last inequality and equality are obtained by applying Holder’s
inequality twice and by the choice of h (see (11)), respectively. Therefore
we have proved inequality (12).

Inequality (13) is established as follows:

[, S u@) =] <1700 [ soon a1

[a.b]

S . . _ d
+ 3 L) ’ Jou 80 1) ()

+ 1L, SO

[ N )
{a.b]

+[ I Dl pdx);  Lof()=f(r). B
[a.b]
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Proof of Theorem 3. As in the proof of Theorem 2 we have

E,(x =] 8,0x.5) (Lo S5)= Loy 1 S(0) s,

all x,te[a,b], n=0.
The Lipschitz condition w,(L, ., f, §) < A6* implies that

L, 1 f(8)—L, . f()|<Als—1|*,  all s,1€[a,b].

Let x <t and # zero or even. Then

|E(x, )] =

[ 806 )- (Lye S6) = Ly, (1) -ds

<[ a5 1Ly 1 S(8) = Ly S(0)] - ds

<AJ g.lx, )ls—1]*ds<A|x—1|*

fx g.(x,s)ds

That is,
|E (x, 2)] S A|x —t|*|N,(x, 1)|

for x <t and n zero or even.
Let x <t and » odd. Then

(s, 01 = [ (= 90 (L )= Ly 1) s
<[ (=206 D) ULy S9)~ L (1) s

<A [ (=g,lx s)Is— " ds< Alx—1]"

[ ga(x, 5) ds

That is,
|E(x, )] < A]x — 1|*|N,(x, 1)|

for x <t and » odd.
The last inequality is also true for x>, all n>0. Thus we have estab-
lished that

|EW(x, )] S A|x —1]*IN,(x, 1), (22)

all x,te[a, b], n=0.
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Integrating inequality (22) with respect to p (u([a, b])=m) we get
[ 1B 0l o)
[a.b]

<4 |x—_t|a'an(x9 t)lﬂ(dx)
[a.b]

(n+1/n+2)
<4 -Da(t)-([ IN(x, t)l‘"“/"*“-u(dX)> ,

[a,b]

where

1/in+2)
Dz(t)=<f[ . lx—ll“””’-uMX)) -

The last inequality is a consequence of Holder’s inequality. That is, we
have obtained that

| B 0] )
[a.b]

(n+1/n+2)
<A, 0-([ N0 @) @)

[a. 5]

Case of m< 1. By Lemma 7, since a(n+2)<n+2, we have

1a(n +2) Uin+2)
<J[ 5] |x—t|“"‘+2’-u(dx)> g(J[ b] |x—t|"+2-,u(dx)> ;

that is,
D () h* (24)

Now the first part of inequality (16) is established by (23) and (24).

Case of m>=1. We observe that

1/a(n+2)

'u Ya(n+2)
=m1/1(n+2)'<j lx_t|a(n+2)__(dx))
[a,b] m

< gy l/aln+2) n+2 M d e 2)
<m . |x —1¢ -— (dx)
(abl m

— G —ayatn+2)) g
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Here we used again Lemma 7. That is, we get
D (t)ysmi 2+ po, (25)

Finally, inequalities (23) and (25) imply the second part of inequality
(16). 1
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